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In this study, the combined Hartree-Fock (HF) and Hartree-Fock—Roothaan equa-
tions are derived for multideterminantal single configuration states with any number
of open shells of atoms, molecules and nuclei. It is shown that the postulated orbital-
dependent energy and Fock operators are invariant to the unitary transformation of
orbitals. This new methodology is based entirely on the spin-restricted HF theory. As
an application of combined open shell theory of atomic-molecular and nuclear sys-
tems presented in this paper, we have solved Hartree-Fock—Roothaan equations for the
ground state of electronic configuration C (1522522 p2) using Slater type orbitals as a
basis.
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1. Introduction

The main application of Hartree-Fock (HF) method was, in atomic and
molecular physics, the study of Coulomb systems (atoms, ions and molecules)
with a purely Coulombic Hamiltonian of electrons interacting with static nuclei.
In nuclear physics, the use of HF method to compute the ground state of
nuclei is more recent and we refer, for example, to papers [1-5] and the refer-
ences therein. Roothaan’s open shell HF theory [6] is commonly used to evalu-
ate the various properties of certain states of atoms, molecules and nuclei (see,
e.g., [7-15]). This approach does not seem to have been extended to arbitrary
open-shell states. In Roothaan’s treatment, which is an extension of HF theory
for closed shell systems [16], and in the extensions to open-shell states by oth-
ers [17-23], there are well-known complicating features, which do not occur in
the closed-shell equations. In [24], we eliminated these difficulties and derived
HF and Hartree-Fock—Roothaan (HFR) equations applicable to any multideter-
minantal state of a single configuration of atomic and molecular systems that
has arbitrary open-shells. The aim of this report is to derive the combined HF
and HFR equations of atomic-molecular and nuclear systems applicable to any
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multideterminantal state of a single configuration that has any number of open
shells of any symmetry.

2. Definitions and basic formulas

In the present paper, we use the combined Hamiltonian of the atomic—
molecular and nuclear systems of N particles (electrons or nucleons) in the fol-
lowing form:

) N | ; Z. N-1 N
Hw=2(‘mn—5w£a)+2 2 o) O

nu=l1 n=1v=pu+l

where f“(x,,) are the repulsion or attraction interaction potentials for electrons
(w = 1) and nucleons (w = 2), respectively; m is the mass of nucleon. Thus we
deal in both cases with fermions, i.e., particles which obey the Pauli exclusion
principle. This means that the particles of atomic-molecular and nuclear systems
will be described by antisymmetric wave functions-Slater determinants. The gen-
eral form of Slater determinants for an N — particle open shell system may be
written as [25]

U (l/tnN_k+1(-xN—k+1) cee Upy (XN))
=U (unl (D Uny (X2) -+ oty AN Uny o (AN —k+1) - - - Uny (xN))

unl(xl) an(xl) unN_k(xl) unN_k+1(x1) unN(xl)
Uy (X2) Uny (X2) -+ Uy ((X2) Uy (X2) o Uy (X2)

/N1 . . . . . ’

Uny (XN) Uns (XN) « Uy (XN) Uy (XN - sy (XN)

()
where n = im?’_lms and x = xyzk® lo. Here, u,(x) = u,-(xyz)v;“t_l(/c)ums(a)
is the isospin—spin orbital; u;(xyz), um, (k), and u, (o) are the spatial, isospin
and spin wave functions, respectively. The spin orbital u,(x) = u;(xyz)um,, (o)
for atoms and molecules is the special case of isospin—spin orbital for v = 1.
The (un,, uny, ... tny_) and (uuy_ ..., Uyy) OCCUrring in equation (2) are
the sets of orthonormal isospin—spin orbitals for closed and open shells, respec-
tively, where 0 < k < N. All of the orthonormal and independent Slater deter-
minants for a given configuration can be obtained from equation (2). The first
N — k orthonormal and independent isospin—spin orbitals in these determinants
are the same (closed shells), and all other k isospin—spin orbitals are different
(open shells). The orbitals and Slater determinants form the orthonormal sets:
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/”;'kus dv = &5, (3a)

D () Uy () = 8, (3b)
k

> 143, (0) ), (0) = Sy, (3¢)

/U*U/dl':aUU/. (Sd)

3. Combined orbital-dependent energy expression

The postulated energy expectation value for a single configuration multi-
determinantal state of combined atomic—molecular and nuclear systems with a
given space, spin and isospin symmetry can be written in the following form:

n n
EY=w |2 fihi+ Y (204000 - BIK]]) | 4)
i ijkl

Here n = n¢ + no is the number of occupied orbitals belonging to closed
(nc) and open (no) shells, 1 < i, j,k,Il < nand w = 1,2. For ® = 1 and for
w = 2 equation (4) denotes the energy expectation value of atomic—-molecular
and nuclear systems, respectively; f; is the fractional occupancy of shell i, which
is determined by

Noi’

fi (%)
where Ny; and N; are number of states and particles in shell i, respectively. It
should be noted that the orbital occupation numbers can also be determined by
the use of MCSCF or CASSCF approaches, which are well suited for open-shell
problems and routine these days (see, e.g., [7]). In MCSCF and CASSCF orbital
optimizations, the orbital occupation numbers are the result of calculations and
not some arbitrary numbers selected before the calculation is performed.

In equation (4), the coefficients A}, and B are the coupling-projection con-
stants. For closed—closed and closed—open shell interaction energies (1 < i, j <
ne, 1 <k, Il <mand 1 <i, j<n, 1<k, I < ne) the coupling-projection coeffi-
cients A, and Bj) are determined by

A;f; = B/l(f = fi fibijdu. (6)

In the case of open—open shell interaction energies (nc + 1 < i, j < n and
ne + 1 < k,I < n) the values of coefficients A}, and B;] depend on the state
under study. We notice that the possibility of writing the combined energy of
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atomic-molecular and nuclear systems in form (4) is based on the assumption
that the energy E® is the average expectation value for all the degenerate total
orthonormal sets of multideterminantal wave functions \IJ};,IF for state with the
irreducible representation I':

1 w A
EL = N Z/ Wy, HWy, dr, (7)
Mrp
where
\Ij}l‘f;i‘dTMS
Vo
\IJF _ LMS ’
Mr lI’I\I}iMs
Wit g
QL+ 12T +1)2S+1) for Nuclei,
Np — QRL+1DR2S+1 for Atoms, (®)
=12 -6a002S+1) for Linear Molecules,
;2SS +1) for Nonlinear Molecules.

Here, the quantities L, 7, and S are the total orbital, isospin and spin quantum
numbers, respectively. N N
In equation (4), h;, Jlg and K ,’{f are defined by

hi = / w! P hug (7)) dvy, ©9)
5= / uf () Ja (Fu (Fdvy = / 1} (F2) Jij (F2)uy (F2)dvs, (10)
Ky =/M}k(71)1€k1(71)uj(?1)dv1 =/MI(Fz)Ieij(72)ul(72)dv2, (11)
where
b= s Vi a = (12)
JaGne) = ( / u;‘(?z)f(le)uz(?z)dvz) o), (13)
K)o ) = ( / uz@z)f(le)go(fz)dvz) ). (14)

Here, Ky, is the exchange operator (see [24] for the definition of symmetrical
properties of square n’-dimensional supermatrices A, B, J and K).
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_ In the single-determinantal closed shell case, one has f; = fi = 1 and A;c]l =
B,’(jl = 8;0k- Then, th_e formula for E®, equation (4), can be rewritten using inte-
grals h;, Ji;, and K}},

E°=ow [22’” +D Qi ~ K;;p} : (15)
i ik

where J/! and K}\ are the ordinary 2-indexed integrals of Roothaan’s closed
shell HF theory [16].

4. Use of modified Slater’s determinantal method in evaluation
of coupling-projection coefficients

For the evaluation of coupling-projection coefficients occurring in the com-
bined energy expression, equation (4), we have to find independent Slater deter-
minants and orthonormal multideterminantal wave functions of terms. For this
purpose, we use the determinantal method presented in [26,27]. However, by
the use of Slater’s determinantal method it is not only difficult, in general, to
find independent Slater determinants but also to simplify the construction of
multideterminantal wave functions for open-shell systems. In this section, we
have modified Slater’s determinantal method for the evaluation of independent
Slater determinants, which are useful for the construction of multideterminantal
wave functions and for the evaluation of coupling-projection coefficients.

We have now to consider the problem of determining which of the indepen-
dent Slater determinants occur in a given configuration. According to Guseinov
[25], we can write down the N individual sets comprising each complete set,
which occurs in the configuration. The number and nature of the closed shells is
without effect on the values of quantum numbers in the open-shell spin-orbitals.
We denote here a set of quantum numbers for open-shell spin-orbitals by n;
(where i =1, 2, ..., k), namely,

ni=1,2 ..., N, (16)

where N; is the number of spin-orbitals in the open shell i.

In order to obtain from equation (2), all of the independent Slater determi-
nants for a given electronic or nucleonic configuration we modified the Slater’s
determinantal method for the states of the same open-shell by taking into
account in equation (2) only those values of n; in the following form:

nyp<ny<---<ng. (17)

We refer to the Slater rule based on the inequality (17) as modified Slater’s
determinantal method for the evaluation of independent determinantal wave
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functions. It should be noted that in the case of different open-shells the sets of
quantum numbers in equation (2) are independent. Therefore, it is easy to obtain
the independent determinantal wave functions for these systems by the use of
modified determinantal method.

Now we can move on, as an example, to an application of modified
determinantal method for the determination of Slater determinants for atoms.
Having made a list of the complete sets, which belong to an atomic electronic
configuration we may classify them by values of > m; = My and > m; = Ms.
To make the argument concrete, let us consider the configuration C(1s%2s%2p?),
in which two electrons occur outside closed shells. The complete sets for these
electrons classified by My, Mg values and the independent determinants obtained
from equation (2) by modified determinantal method are shown in table 1.

It is easy to find from table 1 the terms and the orthonormal sets of mul-
tideterminantal wave functions lIJIf,[z Mg Which are egienfunctions of operators
L? Lz, 5% and §,. The results are given in table 2. N N

For the calculation of coupling-projection coefficients A}, and B} for open
shell electrons we have to take into account table 2 for wave functions \Illf,[z M in
equation (7) and to compare the results with equation (4). The obtained results

Table 1

The independent determinantal wave functions for the electronic configuration C(1s%2s22p?).

ns :mps Mgs ng :myg Mg My, Mg UQRlmygmgs 21my mg,)
11} 2:1-1 2 0 U213 211 - 1)
3:0% 1 1 v> 2114 2104)
4:0-4 1 0 Us 2114 210-1)
5:-11 0 1 Us211} 21— 1))
6:—1-1% 0 0 Us(2113 21-1-1
2:172 3:0% 1 0 usli-1 210))
4:0-4 1 -1 Ug211-%  210-%)
5:-11 0 0 v;eu-5 21-1h
6:—1-1 0 -1 Up@ll-  21-1-1)
3:04 4:0-4% 0 0 Us(2101 210-1)
5:-11 -1 1 Uy (2104 21-11)
6:—1-1 -1 0 up@elol - 21-1-1)
4:0-1 5:-11 -1 0 Upis2io-1 21-1d)
6:—1-1 ~1 —1 Ups210-1 21-1-1)
5:-14 6:—1-1% -2 0 Uis@l-11 21-1-1
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Table 2
The terms of electronic configuration C (1522s22p2) and their multideterminantal wave
functions.
Terms \pl%/ISLMS
's vy = = (Us — U7 = Us)
1 1
I'p v = U, v = 753 = Us) i = T (Us = U7 +2Ug)
‘1’3010 = %(Ulz - U3) ‘1’3020 =Uys
3 11 _ 11 _ 1 11 _
P vl =0, Wig = 5 (Us+Us) vl =,
1
Wy = Us Vg = 5 We + U7) Yol =Uio
1
‘1’1111 =Un ‘1’1_110 = ﬁ(Ulz +Up3) \11111_1 =Uys
Table 3 B
The values of coupling-projection coefficients A;{jl and B]l(]l for electronic configuration
C(ls22s22p2).
Closed—closed and closed—open Open—open shells
shells equations (5) and (6) equations (4) and (7)

11 _ 11 _ 33 _ 444 _ 1 33 _ pd44 1
All_1 Bll_1 A4 _A33_117 B44_B33_§
11 _ 422 _ 11 _ p22 _ 33 _ 455 _ 33 _ p55 _
A2 _All_ll BZZ_BII_I1 A5 _A33_? BS _B33_§
11 _ 433 _ 11 _ p33 _ 44 _ 455 _ 44 _ p55 _
A33_A1 _§ B33_Bll_? ASS_A4_ﬁ BSS_B4 -6

11 _ 444 _ 11 _ p44 _
Ay —An—? B44—Bn—?
11 _ 455 _ 11 _ p55 _
A55_A11_§ BSS_Bll_j

A= 51

22 _ 433 _ 1 22 _ p33 _ 1
A3 _A22_§ B33_BZ2_?
22 _ 444 _ 20 _ pdd _

A4 _A22_§ B4 _B22_§
22 455 _ 22 _ pS55 _

A5 =43 =3 Bss =By =3

for C(1s22s%2p?) are presented in table 3, where

nlm: 100 200 211 210 21 — 1
i1 2 3 4 5

and nc =2,ng=3,n=nc.+no =35, fi= fr=1,f3=fa= fs=2/6.

5. Hartree-Fock and Hartree—-Fock—Roothaan equations

The formula (4) for E® seems to be completely general, for a single con-
figuration with any number of open shells. The use of symmetrical and Hermi-
tian properties of the A}, B}, Ju and Ky (see equations (11)~(14) of Ref. [24])
simplifies the derivation of combined HF equations.
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We now apply the variational principle to the total energy, equation (4), in
order to obtain the combined HF equations for the spatial orbitals u; of atoms,
molecules and nuclei. This derivation closely parallels the derivation of HF equa-
tions in [24] for the atomic and molecular systems. If we take into account the
subsidiary conditions (3a) by the method of the Lagrangian undetermined mul-
tipliers, denote the Lagrangian multiplier by Zws“ and make use of the sym-
metrical and Hermitian properties of A;fl, BZ, h, Ju and Ky, then the variation
of energy E®, equation (4), gives the following equations for the orbitals;

= Zusgsia (18)

where ¢ is a Hermitian matrix of Lagrangian multipliers and F’ is the Fock
operator defined by

= fih+G'. (19)

Here, the total particle interaction operator G’ is determined by

n
6" =" (20Alju - Bl Ru), (20)
.kl

The quantities AZ and éllfl occurring in equation (20) are the coupling-
projection operators, defined by

Ay = AU lu], 1)
Biui = Bju;. (22)

The operator F', which is defined in terms of the orbitals u;, is casily
shown to be invariant when orbitals are subjected to the unitary transformation
by means of a unitary matrix Q [24]:

ui (7) = Zu (HOF,  up(F) =D wi(F) Qi (23)

It is easy to show that the energy expression, equation (4), is also invariant
to such changes of the orbitals.
Accordingly, the orbitals u!, satisfy

Fi ujr = Zui"gé’i” (2’4)

where

¢ =0% Q. (25)
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Equation (25) shows that the Fock operator can be diagonalized using the
unitary combinations of the original orbitals. Since the matrix ¢ is Hermitian,
there exists a unitary matrix Q so that & = Q%eQ is a diagonal matrix with real
diagonal elements. It is therefore, no loss of generality if we assume that our set
of orbitals satisfies the simpler equations

Flu; = gju;, (26)

where the operator F' is defined by equation (19).
It should be noted that the orbital-dependent Fock operators and total
energy in Roothaan’s open shell HF theory defined by Roothaan [6]

E=2 Z Hi + 2(2sz — K1)
k kl
+f |:22 H,, + f Z(2a-lmn - men) + 22(2ka - Kkm)j| (27)
m mn km

are not invariant to the unitary transformation of orbitals and, therefore, the
Fock operators of Roothaan’s approach can not be diagonalized.

The combined HF equations for closed-shell atomic-molecular and nuclear
systems can be obtained from equation (26) using equation (6) for f; = f; = 1:

Fu; = siu;, (28)
where
F=h+G, (29)
G = z Qo — Kir). (30)
k

Using equations (4), (19), (20) and (26) we can express the total energy in
terms of the orbital energies ¢; and the one-particle integrals #;:
for open-shell systems

n
E® =0 (fihi + &), (31)
for closed-shell systems

E” =0 (hi+&). (32)
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It is well known that the orbitals u;, occurring in the atomic-molecular and
nuclear structure theories, usually are defined as linear combinations of arbitrary
basic atomic or nuclear orbitals (LCAO or LCNO) [16]:

up = zxchi. (33)
q

In order to obtain the HFR equations for the coefficients C,; we have to
minimize the expression (4) by varying the coefficients Cy; within the limits per-
mitted by the requirement that the orbitals (33) form an orthonormal set, as
expressed by equation (3a). We restrict ourselves here to writing down the results
for the combined open shell HFR equations of atomic-molecular and nuclear
systems:

Z (ﬁl’;q —£iSpg)Cqi =0, (34)

q

where

Spq :/X;Xq dv, (35)
Fl’;q = fihpg + G;q, (36)
hpo = | x* L \Z ) Za d 37
re = [ Xp\ T3 o1 V1 T wlg‘,a Xg dvi, (37)
Gh,=> (Zw al et — K{iﬁ) . (38)

Jj.rs

Here, the &% and J;ﬁ’v are the coupling-projection operators of HFR equations
determined through the matrix elements of the square n-dimensional density
matrices a”/ and b by the following formulas:

all = cAlct, (39)

bl =CBICT, (40)
where the operators a'/ and b/ are defined by

G Cy = aiCy, @)

b Cyi = b Cy;. (42)

The quantities 757 and KF! occurring in equation (38) are defined by
= // Xp D) X, (x2) f (x21) Xq (x1) x5 (x2)dvy dva, (43)

Kj = // Xp (1) x5 (x2) f (x21) x5 (x1) Xq (x2)dvy dvy. (44)
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Taking into account equation (6) for f; = f = 1 in equation (33) it is easy
to obtain for the combined closed shell HFR equations the following formulas:

> (Fpg — €iSpq)Cqi =0, (45)
q
where
Fpq =hpg + Gpg, (46)
Gpg = Zp;'} QoI — K5, (47)
p=cCcCt. (43)

We see from tables 1-3 that the modified determinantal method can be
of considerable importance in the simplification and calculation of independent
Slater determinants, multideterminantal wave functions and coupling-projection
coefficients for open-shell systems. As an application of modified determinan-
tal method, we have solved combined HFR equations for the ground state of
an C(1s*2s22p?) atom using Slater-type atomic orbitals as a basis. The results
of computer calculations for the linear-combination coefficients, orbital energies,
total energy and virial coefficient are given in table 4 (the data for the screening
constants of Slater atomic orbitals were taken from Clementi and Raimondi [28].
The results given in this table agree well with published data [28,29].

It should be noted that the modified determinantal method presented in
this paper can also be used to obtain the coupling-projection coefficients for
open-shell nuclei and molecules. Work is in progress in our group for the com-
putation of structure of atomic—molecular and nuclear systems with multideter-
minantal state of a single configuration that has arbitrary open-shells.

Table 4
Numerical linear combination coefficients of Slater atomic orbitals (u; = 22:1 XqCqi) for the

ground state of C(1s225s%2p2, 3 P) and orbital energies (in a.u.).

g1 =¢€1y & =& €3 = €p, &4 = €2p, £5 =82,
Xq gg —11.301550 —0.6774946 —0.1338743 —0.1338743 —0.1338743
x1 = C(ls) 5.6727  0.997438 —0.235078  0.000000 0.000000 0.000000
x2 = C(2s) 1.6083  0.011438 1.024702  0.000000 0.000000 0.000000
x3=C(2px) 1.5679  0.000000  0.000000  1.000000 0.000000 0.000000
x4 =CQ2p;) 1.5679  0.000000  0.000000  0.000000 1.000000 0.000000
x5 =C(2py) 1.5679  0.000000  0.000000  0.000000 0.000000 1.000000
Total energy Kinetic energy Virial ratio
—37.622389 37.622691 —1.999992

—37.622389 ([28])
—37.579018 ([29])
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6.  Conclusion

It is well known that in the Roothaan’s HF theory the orbital-dependent
energy functional, equation (27), and Fock operators are not invariant to uni-
tary transformation of orbitals [24]. Therefore, Roothaan’s Fock operators are
not diagonalized. In this study, the new formulas are introduced for the com-
bined total energy, equation (4), and Fock operators (equation (19)) of open
shell atomic-molecular and nuclear systems, which are invariant with respect to
unitary transformation of orbitals. The variational principle is applied to the
energy functional and the new forms of HF and HFR equations are derived for
spatial orbitals u; and coefficients Cg;. For this purpose, we have minimized the
postulated energy functional with respect to the orbitals u; and coefficients Cy;,
subject to the orthonormality constraints the Lagrangian multipliers of which
are designated with —2weg;. We conclude that the Lagrangian multipliers form
a Hermitian matrix, &;; = €7, and the resulting equations have the off-diagonal
coefficients &;;.

It is shown that the operator F' is invariant with respect to the unitary
transformation of orbitals. We may therefore diagonalize the matrix &, so that all
the orbitals u; and coefficients C,; satisfy the HF and HFR equations, respec-
tively, Fiu; = eju; and >, (ﬁ]’;q — €iSpq)Cqi = 0. Thus, in this paper we have
established the combined HF and HFR equations for open shell atomic-molec-
ular and nuclear systems.

We notice that in the case of integer and noninteger n-STOs, the multicen-
ter integrals occuring in the combined HFR approach for atomic and molecular
systems (w = 1) can be calculated by the use of expansion and one-range addi-
tion theorems for STOs, Y¥-ETOs and Coulomb—Yukawa like central and non-
central interaction potentials established by Guseinov [30].
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